We generalize the work of Kabat and Lifshytz (arXiv:1703.06523), of reconstructing bulk scalar fields using the intersecting modular Hamiltonian approach discussed therein, to any locally AdS 3 space related to AdS 3 by large diffeomorphisms. We present several checks for our result including matching with their result in appropriate limits as well as consistency with bulk diffeomorphisms. As a further check, from our expressions we also compute the first correction due to gravitational dressing to the bulk scalar field in AdS 3 and match with known results in the literature.
Introduction
The AdS/CFT correspondence [1] - [4] implies an isomorphism of Hilbert spaces of a Quantum Gravity theory (H B ) on asymptotically AdS spacetime(AAds) and a QFT (H b ) on its conformal boundary. In particular, the bulk and boundary states are identified. In terms of the density matrices or its logarithm(K), this would mean K B = K b 3 . When the Hilbert space is factorizable into H b = H a b ⊗ H a c b , the above identification of states would naively suggest an equality of reduced density matrices (K a b = K a ′ B ), where H a ′ B is the image under the isomorphic map from H a b . Since the map is not known, except in the semi-classical limit, in general one does not know what H a ′ B is for a given H a b . In the semi classical limit though, when the bulk states can be approximated by a spacetime geometry, a concrete identification was proposed in [12] , building on the previous important works of [ [8] , [10] , [11] ]
In a local QFT, the factorization of the boundary Hilbert space is assumed to happen across a spatial region ie 'a' denotes a spatial region, with a boundary ∂a 4 . In this semiclassical limit, the corresponding bulk region 'a ′ ' is the spatial region bounded by ∂a and the Ryu-Takayanagi minimal surface ending on ∂a. It is interesting to note, that RHS in (1) has contributions from operators localized on the RT surface [8] , [9] , including the Area operator, which infact dominates in G N → 0 limit 5 .
Equation (1) has implications for the bulk reconstruction of local fields as smeared operators in the boundary. This was pointed out in [12] itself and discussed in detail in [19] , wherein it was showed, how the above identification can be used to reconstruct bulk operators inside the entanglement wedge-(D(a ′ )) from operators localized inside a 6 . Independently, it was shown in [17] that, the above equation can be used to reproduce the HKLL smeared representation of local bulk fields [ [5] - [7] ] in the causal wedge for AdS 3 and the BTZ metric.
In [19] it was shown that a bulk local field inside the entanglement wedge (D(a ′ )) can be expressed as a smeared integral over the Fourier modular transforms (Fourier transform of modular flows) of boundary operators (O), localised over the spatial region (a) 7 . The Fourier modular transform is defined as:
They are by definition eigenmodes of the modular Hamiltonian K b
In particular, the zero mode O 0 commutes with the modular Hamiltonian 8 .
In an interesting paper [17] , Kabat and Lifshytz were able to reproduce the HKLL formula for the free local bulk field in AdS 3 and BTZ metric, using equation (1) . The basic idea is to use the fact that, a bulk scalar field localized on the RT surface, would commute with the boundary Modular Hamiltonian, as an equation to solve for the bulk field 9 . Taking two intersecting bulk geodesics and imposing this condition on the bulk field localised at the intersection point of the geodesics and simultaneously solving both the conditions provides an explicit form for the bulk field 10 . In this note we generalize their method for a bulk field in any locally AdS 3 metric, which are related to AdS 3 by large diffeomorphisms.
We present the details of the analysis in the next section. The smeared integral representation for the bulk field is given in equation (24) . In section (3) we provide several checks of our calculation. We show in section (3.1), that our result reduces to the expressions for the bulk field in AdS 3 and the BTZ geometry in the right limit. We also show in section (3.2) and section (3.3) , that the result we obtain is consistent with bulk diffeomorphism using some of the methods developed in [27] . Finally in section (3.4), we look at small perturbations from the AdS 3 metric. In this limit we show that the expression for the bulk field can be reorganized as a correction over the AdS 3 field. The correction term incorporates the gravitational dressing due to interaction with the stress-energy tensor. We explicitly compute the first correction due to the stress tensor interaction and match it with known results in the literature [23] 11 .
Bulk field from intersecting modular Hamiltonians
In this section, we generalize the discussion in [17] to any locally AdS 3 metric in the bulk. A large diffeomorphism in the bulk would correspond to a general conformal transformation on the boundary. We are therefore interested in the Modular Hamiltonian for the excited state, obtained by local conformal transformations on the vacuum. Now the Modular Hamiltonian of a single interval on a constant time slice, in a 2D CFT [24] - [26] , is given by
To find the expression for the other locally excited state in the CFT, we need to perform a conformal transformation (ω,ω) → g(ω),ḡ(ω) 12 The action of this map on (4) is straightforward. Under this map, the stress tensor is transformed as,
Where
g ′2 is the Schwarzian derivative. This Schwarzian part of the integral gives some constant which we can ignore since we are ultimately interested in the commutator of modular Hamiltonian with local operator. The non trivial part, which contributes in the commutator is involving the stress tensor part. In this part, T (g(ω)) is related to T (ω) through a multiplication factor of
and get cancelled to the factor coming from the Jacobian g ′ (z), which in turn reduces to the following expression.
Here, instead of H mod , we define total modular HamiltonianH mod by extending the limit of the of the integration where it is non zero even outside of the segment. 13 In the Lorentzian CFT 2 we have the following commutators of stress tensor and primary scalar operator O with h =h =
Using these commutators we can easily find the commutators between modular Hamiltonian and the primary scalar operator.
[H
Therefore the commutator of total total modular Hamiltonian and the primary becomes,
Smearing function ansatz for the bulk field
Following [17] , we would like to find an integral expression for bulk scalar field. Our ansatz for the bulk field at some bulk point X(which is, as of now, a free CFT variable) is
13 More technically, the total modular Hamiltonian is defined by the difference of modular Hamiltonian of a subsystem A and that of it's compliment subsystem
mod . In stead of putting [HA, φ] = 0, we impose [H, φ] = 0, as originally done in [17] . This will lead to an expression for φ with a support from the full AdS spacetime(unlike the entanglement wedge reconstruction). It also manifests the fact that RT surface acts as a bifurcation surface between A and A c .
where we choose the following parametrization, q = ζ + iy ′ and p =ζ + iy ′ . ζ andζ are CFT variables in lightcone coordinates and y ′ is also some parametrization of boundary CFT variable in some particular conformal frame. K(p, q) is the kernel which we would like to derive for this case. We will comment on this parametrization at the end of this section and in the section (3.1), we will see some choices of such parametrization in two particular examples. The condition from CFT is that the total modular Hamiltonian commutes with the bulk scalar field on the RT surface(in this case which is a geodesic connecting (u, v)).
But to specify the bulk field localized in a bulk point, we need to consider two intersecting geodesics and in the intersection point the field is localized. Therefore the modular Hamiltonian must commute with the bulk operator localized on the two geodesics with endpoints (y 1 , y 2 ), (y 3 , y 4 ). The difference between this two condition gives:
Doing some simple algebra and integrating by-parts we get the following equation
where
. Using the method of characteristics we have,
The first two equation gives the equation of the characteristic curve, which is
for some constant A. This curve equation implies
Along this characteristic curve we have to solve the rest of the equation to find the general solution for K(p, q),
similarly from the other part we also get,
Therefore we have the most general solution of K(p, q) is
Where H(z) is some arbitrary function of z and z = (g(q) − X 0 )(ḡ(p) − X 0 ). Putting this solution to (12) we end up with the following equation
One can solve it simply and finally get the following expression for the kernel K(p, q).
, is the bulk radial coordinate(we will justify this in the next section). To do the integration by parts without any boundary terms, we need the integration region to be bounded,(g(q) − X 0 )(ḡ(p) − X 0 ) +Ỹ 2 > 0. Thus, as expected, we have fixed the local bulk operator upto a spacetime dependent coefficient c ∆ . For the states where CFT has spacetime translation symmetry, the coefficient is a function of bulk radial coordinateỸ only. Using the AdS 3 /CFT 2 boundary condition φ((Ỹ → 0), X) →Ỹ ∆ 2∆−2 O(X), we will fix c ∆ and get,
One can further reparametrize q and p in terms of CFT variables in some conformal frame.
In the next subsection, we will see how to do that in some specific cases. Nevertheless, the correct choice of parametrization of q, p comes from demanding it to be real such that, (g(q) − X 0 )(ḡ(p) − X 0 ) +Ỹ 2 is bounded above zero. We will also see in the section (3.2) that, X 0 is indeed the bulk point X where the two geodesics intersect.
Checks on the calculation
In this section, as a check of our calculation above, we show that the expression for the bulk local field given in (24), reduces to the known results for AdS 3 and the BTZ cases. We also show that it is consistent with what one expects from bulk large diffeomorphisms.
Reproducing the expression for AdS 3 and BTZ
As a first check of our calculation in the previous section, We now show how the above result reduces to the known results in the pure AdS 3 and BTZ cases.
• Free scalar field in Pure vacuum AdS :
It is the simplest case, where we can choose the parametrization of q and p as follows,
It reduces the smearing Kernel K(p, q) to,
Here y 2 = (u+v)X 0 −uv +X 2 0 . It is the equal-time geodesic equation for pure AdS vacuum in Poincare coordinates(y, z,z). Hence we can recover the famous HKLL formula [5] - [7] :
• Free scalar field in BTZ background:
In this case g(q) = e r + q l 2 = eq andḡ(p) = ep. We chose (g(y 1 ), g(y 2 )) = (eR, e −R ) and (g(y 3 ), g(y 4 )) = (eφ 0 +L , eφ 0 −L ). Thus
Where we define tanhφ * =
. Now the smearing function is,
On a constant time slice, the geodesic of BTZ blackhole 14 , connecting the two boundary points at (−R,R), satisfies the following relation
Where r is the bulk radial coordinate. Therefore, the bulk coordinate can be written in terms of radial coordinate r.Ỹ = r + r eφ * . Now we replace p, q with the following parametrization in terms of boundary spacetime variables of BTZ metric, such that
In this way we recover the well-known BTZ bulk field in terms of boundary CFT operator [17] .
Consistency with bulk diffeomorphisms
In this section, we want to connect this result with that obtained from bulk diffeomorphism. Let us consider the general form of large diffeomorphism from vacuum AdS 3 uniformizing coordinates (y, z,z) to arbitrary (Y, Z,Z) via:
14 Here, the metric of BTZ is,
Here, G,Ḡ are the arbitrary functions of boundary Virasoro transformation g,ḡ and bulk coordinate Y . This general form suggests that, as z =z at y = 0, g(Z) =ḡ(Z)| Y =0 . Therefore, at the boundary of the new metric, the Virasoro transformation acts in a similar way to that of the AdS. First we see how the geodesic in AdS at constant time changes under diffeomorphism. For two boundary points (y 1 , y 2 ) at T = 0 slice, the geodesic is,
Using the general form of diffeomorphism (34), we get,
similarly for boundary points (y 3 , y 4 ) in uniformizing coordinate, we also havẽ
Where under Virasoro transformation (y 1 , y 2 , y 3 ,
. Taking the difference of (36) and (37), we can get the point at which these two geodesics intersect. That is,
At this point of intersection, the geodesic (36) is of the form, as we got in the previous sectionỸ
Let us now look how the local bulk operator in the uniformizing coordinate will be modified under such diffeomorphism. The AdS 3 free field is
Using (34) we have,
Here in the last line we used (38) and the property of scalar primary operator O(g(Q),ḡ(P )). Hence we reproduced the same result, obtained in (24).
Bulk-boundary OPE block and propagator
In this section we calculate the vacuum sector OPE block, constructed out of the OPE of one bulk scalar field and one boundary scalar primary operator and match it with the expected result from diffeomorphism of AdS 3 . For simplicity, we consider the bulk field located at the center(Z =Z = 0). Hence,
Where in the second line we used the transformation property of conformal primary op-
In the third line, we definedg = g − X 0 . We can choose q = −t ′ + iy ′ = z,p = t ′ + iy ′ = −z 15 , the integration variables g(q) andg(p) are two complex conjugates with overall negative sign. Therefore, we can writeg(q) = re iθ and g(p) = −re −iθ . The integration range can also be changed tog(q)g(p) +Ỹ 2 > 0. Using these polar coordinates we can compute the integral (in a similar way of [35] ) and the integrand is same as that of AdS 3 bulk-boundary two point function. Hence the final answer we get is,
One can also find this vacuum sector of bulk-boundary OPE block from the AdS 3 (y, ω,ω) bulk-boundary propagator G b∂ = φ(y, 0, 0)O(ω,ω) = y y 2 +ωω [27] . This is an exact result of symmetry. One can apply a generic operator-valued diffeomorphism of the kind (34) to obtain (43).Using the similar lines of [27] , one can further compute the 
1 c correction of bulk field
In this section we will derive the 1 c correction of that local bulk field in terms of CFT operators. As this field interacts with gravity only, we will expect to be of the form,
Where K (0) is the Kernel of the free AdS field in the vacuum. Here we will recover this and will determine the Kernel of the first correction, K (1) . First we show how this can be done in a simplified setting and next we will do it in radial gauge. Let us proceed by considering the simplest example of time slice preserving large spatial diffeomorphism from vacuum AdS 3 coordinate (y, x) to (Y, X) via:
To compare the geodesic equation on the metric, obtained by this diffeomorphism, we showed that
, is the bulk point where two geodesics intersect. Therefore we got the following expression for bulk field:
Where the integration region is bounded by (
The stress tensor for CFT 2 can be seen as a function of g(X) through the Schwarzian derivative S(g, X).
We need to solve this equation to determine g(X) as a functional of T (X). To do this we first need to write g(X) as a perturbation series in
Using this perturbation we can also expand G, F as,
Therefore putting (49) and (50) in (47) we get the kernel upto O( 1 c ),
After some steps of simple algebra we finally get,
Here
Using the methods discussed in [27] we can solve (48) and get,
Therefore we get the perturbative field expansion as,
where,
Here, in the both zeroth and 1 c term, the integration region is bounded by (q − X)(p − X) + Y 2 > 0. But for the case when ∆ = 2, it will get modified. We will comment on this in the next case.
For the special case, where in the Fefferman-Graham coordinate and in the radial gauge(g µY = 0) [28] , the most general solution obeying Brown-Henneaux boundary conditions [29] , are the special class of diffeomorphism, which takes the following form [30] , [27] ,
In the large c limit the 1 c correction of the above functionals are as follow:
Here, we want to compute the 
Here for simplicity, we restrict ourselves to holomorphic contribution due to g(z)(with g(z) = 0)only. Using (59) and (49) the Kernel K (1) (q, p, z,z) gives,
Where ∆x + = (q−z),∆x − = (p−z). Also we define, ψ (2) (q, z) = (g ′ 1 (q)−g ′ 1 (z)−∆x + g ′′ 1 (z)) and ψ (3) (q, z) = (g 1 (q) − g 1 (z) − ∆x + g ′ 1 (z) − ∆x +2 2 g ′′ 1 (z)). As mentioned earlier K (0) is the Kernel of the vacuum AdS 3 . Now, let us look at the integration region, which can be absorbed in a step function, as in (60). This step function, inside the integral, could also get correction in such 
Using this expansion we can finally get the following expression for the 1 c correction of bulk field, in terms of (61), as,
This is the expression we can get from the diffeomorphism in the radial gauge, as described in [23] . Next it is straightforward to express ψ (2) and ψ (3) in terms of T ++ (x ′ ) and to check that it satisfies the linearised equation of motion,
